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Although coatings are extensively used to enhance and modify
the surface properties of engineering materials and components,
conventional homogeneous coatings are still susceptible to creep,
oxidation and disintegration under severe load and temperature
conditions. Thus, achievement of the precise design goals demands
advancedmaterials which can withstand severe stresses, high tem-
perature gradients conditions and/or abrasive environments.
Functionally graded materials (FGMs), with continuously varying
elastic properties invite for higher efﬁciency, decrease the fuel
consumption, increase the life time and have many other advanta-
ges. Gradual variation of the elastic properties in FGMs enables
elimination or reduction of the elastic mismatch at the interface
between the coating and the substrate. As a consequence, the
reduction in the residual stress level, improvement of the bonding
strength, and the crack stabilization are achieved at the interface.
One of the most important applications of the coatings is load
transfer components (i.e. tribological systems). Most of these
components are deformable solids used for load transfer in the
presence of friction. Generally contact mechanics applications of
FGMs can be classiﬁed in three groups: (i) load transfer parts such
as: bearings, gears, cams and machining tools; (ii) resistive compo-
nent against wear like clutches and cylinder linings; (iii) abradable
seals for gas turbines (Guler and Erdogan, 2004).
Due to their practical applications several studies have been
done to monitor the behavior of the FGM coatings under variousll rights reserved.
x: +90 312 292 4182.loading conditions. The technical literature on the contact mechan-
ics studies of FGM coatings is quite extensive. For example, stress
analysis for a non-homogeneous substrate under point and axi-
symmetric load conditions was studied by Giannakopoulos and
Suresh (1997a,b). They assumed exponential and power law
functions for the variation of the elastic modulus through the
half-plane. Giannakopoulos and Pallot (2000) investigated the 2D
contact problems under normal, sliding and rolling loading condi-
tions. Contact mechanics of FGM coatings with exponentially vary-
ing elastic modulus was extensively investigated by Guler and
Erdogan (2004, 2006, 2007). They studied the contact problems
of several indenter geometries as well as two deformable elastic
solids. Guler (2008) studied the behavior of an exponentially
graded substrate bonded to a thin ﬁlm under interfacial residual
stresses and investigated the effect of material inhomogeneity
parameter on the mode II stress intensity factor. Dag and Erdogan
(2002) analyzed the fracture mechanics of FGMs under frictional
contact of a rigid indenter assuming an exponential variation for
the elastic modulus. They studied the coupled contact and crack
problem and derived the associated integral equations.
There are also few studies about the partial slip and fretting
contact of graded materials. Recently, Ke and Wang (2007a,b) uti-
lized a linear multi-layered approach to model the FGM coating
and solved the uncoupled as well as coupled partial slip contact
problem of a cylindrical punch. According to their study, modeling
of the FGM coating with four or six layers give rise to sufﬁcient
convergence in the solution of the contact mechanics problems.
Moreover, they demonstrated that the uncoupled problem yields
a good approximation for the coupled solution. Elloumi et al.
(2008, 2010) studied the uncoupled and coupled partial slip
Nomenclature
Aj, Bj unknown constants of the series expansions
a contact half length
b1, b2 stick zone boundaries in the physical coordinate system
c1, c2 stick zone boundaries in the transformed coordinate
system
e eccentricity of the surface normal traction
F(r) bounded function of non-dimensional surface normal
traction
G(z) bounded function of non-dimensional surface tangen-
tial traction perturbation
f(x) relative surface normal displacement gradient
g(x) relative surface tangential displacement gradient
h coating thickness
kij(t,x) Fredholm kernels in the physical coordinate system
(i = 3, 4 and j = 1, 2)
~kijðs; rÞ Fredholm kernels in the transformed coordinate system
(i = 3, 4 and j = 1, 2)
m, n upper limits of ﬁnite series expansions
P vertical external load
Q horizontal external load
Q⁄ ratio of the external loads Q/gP
p(x) surface normal traction in (x,y) coordinates
~pðrÞ non-dimensional surface normal traction in (r,y) coordi-
nates
q(x) surface tangential traction in (x,y) coordinates
~qðrÞ non-dimensional surface tangential traction in (r,y)
coordinate
q⁄(x) surface tangential traction perturbation in (x,y) coordi-
nate
~qðrÞ non-dimensional surface tangential traction perturba-
tion in (r,y) coordinate
R cylinder radius
V rolling velocity of cylinder
vs relative tangential slip velocity
u(x,y) displacement components within the coating in x direc-
tion
v(x,y) displacement components within the coating in y direc-
tion
b (j  1)/(j + 1)
C stiffness ratio
c shear modulus exponent of the coating
f creep ratio
g coefﬁcient of friction
j Kolosov’s constant
l(y) shear modulus function through the thickness of the
coating
l0 shear modulus at the surface of the coating
l2 shear modulus of the substrate
m Poisson’s ratio
q 4l0/(j + 1)
rxx(x,y) normal stress component within the coating in x direc-
tion
ryy(x,y) normal stress component within the coating in y direc-
tion
rxy(x,y) shear stress component within the coating
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developed the uncoupled solution by applying the Goodman
approximation, i.e. neglecting the effect of tangential traction on
the normal pressure. Then, they found the coupled solution for
the surface contact tractions and investigated the coupling effect.
According to their results, there is no signiﬁcant difference be-
tween the coupled and uncoupled solution for small values of
the coefﬁcient of friction. Ke and Wang (2010) also investigated
the partial slip contact problem of two FGM coating/substrate sys-
tems by employing the Goodman approximation. The stress analy-
sis showed that the FGM coating reduces the interface stress
concentration arisen due to the elastic constant mismatch.
Rolling contact takes place in awide variety of tribo-components
whenever two elastic bodies roll over each other. For example in the
automotive components, the engine cams and the parts of the trans-
mission group experience rolling motion. On the other hand, the
automotive industry demands new materials that can operate at
higher speeds and as well as at higher stresses. Generally, there
are three ways for achieving an optimum tribological system: lubri-
cation, design andmaterials. Thus, analysis of newmaterials such as
FGMsunder rolling contact condition is highlyurgedby the automo-
tive industry. Also, the rolling contact fatigue is a critical issue for
highly stressed rolling components. The low carbon steel alloys
are greatly affected by rolling contact fatigue phenomenon while
hardermaterials servemuchbetter. Hence, extensive studies should
be carried out for hardmaterials subjected to various rolling loading
conditions. For example, design of continuously variable transmis-
sions (CVT) which is fully engaged with rolling contact problem is
a high tech application of FGMs in automotive industry (Enomoto
and Yamamoto, 1998). And also, the rolling contact problem is the
central part for examining the dynamic and vibration responses of
the railroad vehicles.The rolling contact problem for homogeneous materials has
been examined in several studies (Bentall and Johnson, 1967;
Kalker, 1971a,b; Nowell and Hills, 1988). However, few studies
have dealt with the rolling contact problem involving graded
materials. By superposing the effect of stick zone on the full slip
solution. Giannakopoulos and Pallot (2000) solved a special rolling
contact problem in which the shear modulus of the substrate was
assumed to be a power-law. In addition, Chudzikiewicz and
Myslinski (2011) solved the thermoelastic contact problem of a
graded coating bonded to an elastic strip. They formulated the
problem based on the quasistatic approach and applied the ﬁnite
element method to obtain the displacement components within
the FGM coating. Since they expressed the surface tangential trac-
tion in terms of the surface contact pressure a priori, the main
focus of their study was ﬁnding the surface contact pressure and
temperature distribution. In this paper, the rolling contact problem
of an FGM coating/substrate system is analyzed in detail. A rigid
cylinder rolls over the surface of the graded coating with a constant
velocity. The material property gradation is taken to be exponen-
tially varying in the FGM coating. The mathematical modeling of
the rolling contact problems leads to a system of two coupled
Cauchy singular integral equations relating the surface displace-
ment gradients to the surface contact tractions. Invoking Gauss–
Chebyshev numerical method, the singular integral equations are
transformed to a system of algebraic equations. The non-linear sys-
tem of equations is solved by employing an iterative scheme which
renders the surface contact tractions as well as the stick/slip tran-
sition points and the creep ratio. The main objective of the present
study may therefore be stated as the investigation of the effect of
material property grading on the surface tangential traction distri-
bution and the surface in-plane stress variation. An extensive
sensitivity analysis is also carried out to assess the effect of
Þ;
Fig. 1. (a) Geometry of the rolling contact problem, (b) contact zone and the related parameter deﬁnitions, (c) the x axis transformation detail related to Eq. (30).
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distribution, stick zone boundaries as well as the creep ratio.
2. Formulation of the problem
2.1. Formulation of the contact problem for the FGM coating
The geometry of the plane rolling contact problem is depicted in
Fig. 1a. Medium 1 is the graded coating with a thickness hwhich is
subjected to the tractive rolling of a rigid cylinder of radius R and
medium 2 is a homogeneous substrate. Cylinder rolls over the sur-
face of the graded coating with a constant velocity, V, in the nega-
tive x direction. It is assumed that the elastic modulus of the FGM
coating varies exponentially through the thickness whereas the
Poisson’s ratio is retained as a constant. Moreover, it is supposed
that the FGM coating and the homogeneous substrate are perfectly
bonded to each other. The shear modulus of the homogeneous sub-
strate is constant and represented by l2 whereas the shear modu-
lus of the FGM coating, l(y) is modeled exponentially such that
(see Fig. 1a):
lðyÞ ¼ l0e
cy; h < y < 0;
l2; 1 < y < h;

ð1Þ
where the inhomogeneity parameter is represented by ch = ln (C).
We deﬁne:
C ¼ l2
l0
; ð2Þ
where C is known as the stiffness ratio and plays an important role
in the stress state as well as in the material architecture. It is also
assumed that the value of the Poisson’s ratio, m, is the same for both
the coating and the substrate.
The majority of the contact mechanics problems are mixed
boundary-value problems due to the fact that the surface displace-
ment gradients are speciﬁed inside the contact zone while thetractions are speciﬁed in the remainder. It can be shown that the
governing equations associated with the contact problem of a
graded coating/substrate system are of the following form (Guler
and Erdogan, 2004, 2006, 2007):
bsðxÞ þ 1
p
Z a
a
1
t  x k31ðt; xÞ
 
rðtÞdt  1
p
Z a
a
k32ðt; xÞsðtÞdt ¼ f ðxÞ;
 a < x < a; ð3Þ
 brðxÞ þ 1
p
Z a
a
1
t  x k41ðt; xÞ
 
sðtÞdt  1
p
Z a
a
k42ðt; xÞrðtÞdt ¼ gðx
 a < x < a; ð4Þ
where the functions kij(t,x), i = 3, 4; j = 1, 2, are the Fredholm kernels
(originally developed by Guler (2001) see the appendix for easy ref-
erence) and
f ðxÞ ¼ q @
@x
vðx;0Þ; ð5Þ
gðxÞ ¼ q @
@x
uðx;0Þ; ð6Þ
q ¼ 4l0
jþ 1 ; ð7Þ
b ¼ j 1
jþ 1 : ð8Þ
Note that u(x,y) and v(x,y) are the displacement components within
the coating in x and y directions, respectively, j is the Kolosov’s
constant and is equal to 3  4m for plane strain conditions. Eqs.
(3) and (4) constitute a pair of integral equations for the unknown
contact stresses r(x) and s(x) provided the functions u(x, 0) and
v(x,0) are given. Also, the following relations hold in the contact
region:
rðxÞ ¼ ryyðx;0Þ ¼ pðxÞ; a < x < a; ð9Þ
sðxÞ ¼ rxyðx;0Þ ¼ qðxÞ; a < x < a; ð10Þ
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It should be noted that the function v(x,0) is taken as the stamp
proﬁle and the form of the function u(x,0) is dependent on the type
of the problem (the partial slip or the rolling contact) as well as the
stamp proﬁle. Note that in a sliding contact problem, the only
unknown function is p(x), since q(x) is related to the p(x) by the
Coulomb friction law (Guler and Erdogan, 2007). However in a roll-
ing contact problem, the systemof integral Eqs. (3) and (4) should be
solved for ﬁnding both p(x) and q(x), which are the main unknowns
of the problem. Also, in this studyCoulomb friction law is used and it
is assumed that the coefﬁcient of friction, g, remains constant.
2.2. Formulation of the rolling contact problem for the FGM coating
Due to the nature of the rolling contact problem, some slip zones
can be observed in addition to the stick zone within the contact
patch. In this study, it is assumed that a central stick zone is accom-
paniedwith two slip zonesof the same sign (see Fig. 1b). Generally, it
should be noted that the slip/stick regime controlling the contact
zone may alter depending on the physical parameters of the prob-
lem. These are the relative stiffness of the contacting bodies (b/g),
the sign and the magnitude of the ratio of the external loads
(Q⁄ = Q/gP). The other possible stick/slip regimes could be: a stick
zonewith two slip zones of the opposite sign, a stick zonewith three
slip zones and two stick zones with three slip zones. However, if the
contacting bodies are elastically similar then the stick/slip regime
reduces to a stick zone and a single slip zone (Hills et al., 1993).
For steady rolling, the relative tangential slip velocity of the par-
ticles within the contact zone can be expressed as (Johnson, 1985;
Hills et al., 1993):
v s
V
¼ f @
@x
uðx;0Þ; ð11Þ
where f is known as the creep ratio; V is the rolling velocity in x
direction and vs is the relative tangential slip velocity. On the other
hand, the surface particles adhere within the stick zone and hence
the slip velocity should be zero. Thus:
@
@x
uðx;0Þ ¼ f; b1 < x < b2: ð12Þ
In addition, the following relations hold inside the contact zone:
jqðxÞj 6 gjpðxÞj; b1 < x < b2; ð13Þ
jqðxÞj ¼ gjpðxÞj; a < x < b1 or b2 < x < a: ð14Þ
Furthermore, the direction of the surface tangential traction, q(x),
should oppose the direction of the particles slip (Nowell and Hills,
1988). Thus:
sgnðqðxÞÞ ¼ sgn f @
@x
uðx;0Þ
 
; a< x< b1 or b2 < x< a: ð15Þ
Now, it is assumed that the surface tangential traction, q(x), takes
the following form:
qðxÞ ¼ gpðxÞ; a < x < b1 and b2 < x < a;gpðxÞ þ qðxÞ; b1 6 x 6 b2;

ð16Þ
where q⁄(x) is an unknown perturbation on the fully sliding solu-
tion, i.e. q(x) = gp(x).
Finally, the surface displacement gradients in the contact zone
can be expressed as:
@
@x
vðx;0Þ ¼ ðx eaÞ
R
; a < x < a; ð17Þ
@
@x
uðx;0Þ ¼ f b1 6 x 6 b2;
unknown; a < x < b1 and b2 < x < a;

ð18Þwhere R is the radius of cylinder and e is known as the eccentricity
of the surface normal traction. It should be noted that the contact
half length, a, the eccentricity, e, and the creep ratio, f, are unknown
at this stage. Determination of the mentioned parameters requires
an iterative method which is discussed in the Section 3.
It can be seen that the integral Eqs. (3) and (4) are coupled and
hence the full solution of these coupled singular integral equations
is rather complicated. A satisfactory ﬁrst approximation is achieved
by decoupling them through conventional Goodman approxima-
tion, i.e., the contribution coming from the tangential traction terms
in Eq. (3) is neglected (Hills et al., 1993). Thus, using the Goodman
approximation and substituting Eqs. (9), (10) and (16)–(18) into
Eqs. (3) and (4) yields the integral equations relating the surface
displacement gradients to the surface tractions p(x) and q⁄(x):
1
p
Z a
a
1
t  x k31ðt; xÞ
 
pðtÞdt ¼ q ðx eaÞ
R
; a < x < a; ð19Þ
bpðxÞ þ 1
p
Z b2
b1
1
t  x k41ðt; xÞ
 
qðtÞdt
 g
p
Z a
a
1
t  xþ Kðt; xÞ
 
pðtÞdt ¼ qf; b1 6 x 6 b2; ð20Þ
where K(t,x) = k41(t,x)  k42(t,x)/g. Hence, Eqs. (19) and (20) are
the governing integral equations associated with the rolling contact
mechanics of an FGM coating/substrate system. Besides, the surface
normal and tangential tractions, i.e. p(x) and q(x), have to satisfy the
following equilibrium conditions:Z a
a
pðxÞdx ¼ P; ð21ÞZ a
a
qðxÞdx ¼ Q ; ð22Þ
where P and Q are the external loads in the vertical and the horizon-
tal directions, respectively.
Generally speaking, solving Eqs. (19) and (20) in accompany
with Eqs. (21) and (22) renders the unknowns of the problem,
namely, the surface normal traction and tangential traction pertur-
bation, i.e. p(x) and q⁄(x), contact zone parameters, i.e. a, e, b1, b2
and the creep ratio, f.
3. Solution of the integral equations
3.1. On the numerical solution of the Cauchy singular integral equation
Suppose that the function U(h) satisﬁes the following singular
integral equation:
1
p
Z 1
1
UðhÞ
h #dh ¼ Wð#Þ; 1 < # < 1; ð23Þ
whereU(h) is the unknown function andW(#) is the given function.
If U(h) is bounded at h = ±1 then one may write:
UðhÞ ¼ XðhÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 h2
p
; ð24Þ
XðhÞ ¼
Xl1
j¼1
njUjðhÞ; ð25Þ
where X(h) is a bounded function at h = ±1, nj’s are the unknown
constants, Uj() is the Chebyshev polynomial of the second kind of
the jth order and l1 is the upper limit of the series. Now, it can be
shown (Erdogan and Gupta, 1972; Erdogan et al., 1973; Krenk,
1975a,b) that Eq. (23) takes the following discrete form:
Xl2
j¼1
1 h2j
 	
XðhjÞ
ðl2 þ 1Þðhj  #iÞ ’ Wð#iÞ; ð26Þ
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hj ¼ cos jpl2 þ 1
 
; ðj ¼ 1;2; . . . ; l2Þ; ð27aÞ
#i ¼ cos ð2i 1Þp2ðl2 þ 1Þ
 
; ði ¼ 1;2; . . . ; l2 þ 1Þ: ð27bÞ
Now, solving the system of algebraic equation (26) renders the
value of the unknown function X(h) at discrete points hj,
j = 1,2, . . . , l2 and substituting back into Eq. (24) delivers the values
of objective function, i.e. U(h), at discrete points hj, j = 1,2, . . . , l2.
However, sometimes it is necessary to ﬁnd the values of X(h), or
equivalently U(h), at some points rather than the discrete points
hj, j = 1,2, . . . , l2 given by Eq. (27a). Thus, selecting l2 = l1 + 1, one
may have (Krenk, 1975a):
nj ¼
2
l1 þ 2
Xl1þ1
i¼1
1 h2i

 
UjðhiÞXðhiÞ ðj ¼ 1;2; . . . ; l1Þ; ð28aÞ
hi ¼ cos ipl1 þ 2
 
: ð28bÞ1 5 9 13 17
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
Γ=7
Γ=1
Γ=1/7
1 5 9 13 17
-1.2
-0.9
-0.6
-0.3
0.0
0.3
0.6
-1.0 -0.5 0.0 0.5 1.0
-1
0
1
2
3
4
Γ=7
Γ=1
Γ=1/7
Γ=7
Γ=1
Γ=1/7
1c
Iteration
Iteration
( 1)G −
/x a
First iteration
Violation area
∂( ,0)u x
x
ζ∂ −
∂
(a)
(c)
(e)
Fig. 2. Sample results for the convergence criteria and the iteSubstituting Eq. (28a) back into Eq. (25), the functionX(h), or equiv-
alently U(h), can be found at any point 1 < h < 1. In addition, the
values of X(±1) are given as:
Xð1Þ ’
Xl1þ1
i¼1
ð1þ hiÞUl1 ðhiÞXðhiÞ; ð29aÞ
Xð1Þ ’
Xl1þ1
i¼1
ð1 hiÞUl1 ðhiÞXðhiÞ; ð29bÞ
where hi, i = 1,2, . . . , l1 + 1 is given in Eq. (28b).
The method described above is known as the Gauss–Chebyshev
numerical integration method. In the mentioned method, ﬁrst the
value of the unknown function X(h) is found at discrete points
through solving the system of algebraic Eq. (26) regardless of the
unknown constants nj, j = 1,2, . . . , l1. In the second step, the un-
known constants nj, j = 1,2, . . . , l1 are found through Eq. (28a).
3.2. Discretization of the governing equations
First, we transform the physical coordinate x by deﬁning the fol-
lowing change of variables (see Fig. 1c for more detail):1 5 9 13 17
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1 5 9 13 17
-0.5
-0.4
-0.3
-0.2
-0.1
0.0
0.1
-1.0 -0.5 0.0 0.5 1.0
-1
0
1
2
3
4
5
Γ=7
Γ=1
Γ=1/7
Γ=7
Γ=1
Γ=1/7
Γ=7
Γ=1
Γ=1/7
2c
Iteration
Iteration
0Q Q∗ ∗−
/x a
Last iteration
Zero slope
( ,0)u x
x
ζ−
∂
(b)
(d)
(f)
rative process (m = 0.3, a/h = 0.5, Q 0 ¼ 0:75, Q⁄ = Q/gP).
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a
; 1 < r < 1; ð30aÞ
t ¼ as() s ¼ t
a
; 1 < s < 1; ð30bÞ
r ¼ q1zþ q2 () z ¼
r  q2
q1
; 1 6 z 6 1; ð30cÞ
s ¼ q1kþ q2 () k ¼
s q2
q1
; 1 6 k 6 1; ð30dÞ
where q1 ¼ c2c12 ; q2 ¼ c2þc12 and:x or t r or s z or k
a 1
b1 c1 1
b2 c2 1
a 1Table 1
Sensitivity analysis for the variation of the slip to stick transition point (x = b1), Q⁄ = Q/
gP, b/g = 2.88, m = 0.3, a/h = 0.5, R/h = 100.
b1/a b2/a C = 1/7 C = 1 C = 7
G(1) Q⁄ G(1) Q⁄ G(1) Q⁄
0 0.8 0.6074 0.3826 0.4219 0.6179 0.2919 0.7665
0.1 0.8 0.5311 0.3033 0.4084 0.5525 0.3092 0.7143
0.2 0.8 0.4272 0.2373 0.3808 0.4904 0.3214 0.6589
0.3 0.8 0.2940 0.1881 0.3371 0.4338 0.3268 0.6014
0.4 0.8 0.1275 0.1594 0.2747 0.3854 0.3226 0.5432
0.5 0.8 0.0779 0.1556 0.1889 0.3487 0.3055 0.4864
0.6 0.8 0.3336 0.1820 0.0721 0.3277 0.2684 0.4340
0.7 0.8 0.6600 0.2456 0.0903 0.3284 0.1995 0.3907
Table 2
Sensitivity analysis for the variation of the stick to slip transition point (x = b2), Q⁄ = Q/
gP, b/g = 2.88, m = 0.3, a/h = 0.5, R/h = 100.
b1/a b2/a C = 1/7 C = 1 C = 7
G(1) Q⁄ G(1) Q⁄ G(1) Q⁄
0.7 0.1 0.6437 1.1302 0.2081 0.9971 0.0241 0.9168
0.7 0.2 0.6723 1.0998 0.2078 0.9636 0.0408 0.8793
0.7 0.3 0.6923 1.0462 0.2025 0.9154 0.0599 0.8325
0.7 0.4 0.7040 0.9652 0.1921 0.8497 0.0815 0.7752
0.7 0.5 0.7071 0.8519 0.1762 0.7632 0.1058 0.7056
0.7 0.6 0.7015 0.7003 0.1545 0.6519 0.1331 0.6212
0.7 0.7 0.6862 0.5022 0.1263 0.5100 0.1639 0.5185
0.7 0.8 0.6600 0.2456 0.0903 0.3284 0.1995 0.3907
Table 3
A sample iteration result showing the convergence, C ¼ 7; Q 0 ¼ Q=gP ¼ 0:75;
b=g ¼ 2:88, m = 0.3, a/h = 0.5, R/h = 100.
Iteration b1/a b2/a G(1) Q⁄
1 0.0000 0.8000 0.2919 0.7665
2 0.1000 0.8000 0.3092 0.7142
3 0.5000 0.8000 0.3055 0.4864
4 0.5000 0.7000 0.2640 0.5994
5 0.5000 0.5668 0.2159 0.7152
6 0.6000 0.5668 0.1843 0.6793
7 0.8000 0.5668 0.0097 0.6379
8 0.8000 0.4668 0.0114 0.7214
9 0.8000 0.4325 0.0179 0.7466
10 0.7750 0.4325 0.0159 0.7465
11 0.7868 0.4325 0.0007 0.7464
12 0.7868 0.4125 0.0031 0.7602
13 0.7868 0.4273 0.0003 0.7501Note that the variables z and k are deﬁned only over the [1,1] as
given in Eqs. (30c) and (30d).
Also, let us introduce the following non-dimensional quantities:
pðxÞ ¼ ðP=aÞ~pðrÞ; 1 < r < 1; ð31aÞ
qðxÞ ¼ ðgP=aÞ~qðrÞ; 1 < r < 1; ð31bÞ
qðxÞ ¼ ðgP=aÞ~qðrÞ; c1 6 r 6 c2; ð31cÞ
kijðx; tÞ ¼ ð1=aÞ~kijðs; rÞ; i ¼ 3;4; j ¼ 1;2; 1 6 ðs; rÞ 6 1: ð31dÞ
Applying Eqs. (30a)–(30d) and (31a)–(31d) on Eqs. (19)–(22), after
rearranging yields:
1
p
Z 1
1
1
s r 
~k31ðs; rÞ
 
~pðsÞds ¼  4a^
2
ðjþ 1ÞbP ðr  eÞ;
 1 < r < 1; ð32Þ
1
p
Z 1
1
1
k z q1Nðq1kþ q2;q1zþ q2Þ
 
~qðkÞdk
¼ 4a^
ðjþ 1ÞbP fgþMðq1zþ q2Þ; 1 6 z 6 1; ð33ÞZ 1
1
~pðsÞds ¼ 1; ð34Þ
q1
Z 1
1
~qðkÞdk 1 ¼ Q ; ð35Þ
where a^ ¼ a=R; bP ¼ P=ðl0RÞ; Q  ¼ Q=gP and the following rela-
tions are deﬁned:
MðrÞ ¼  b
g
~pðrÞ þ 1
p
Z 1
1
1
s r 
~k41ðs; rÞ  1g
~k42ðs; rÞ
 
~pðsÞds; ð36Þ
Nðs; rÞ ¼ pa
4h
lnðCÞ js rj
s r þ
~kreg41 ðs; rÞ; ð37Þ
~kreg41 ðs; rÞ ¼ ~k41ðs; rÞ 
pa
4h
lnðCÞ js rj
s r : ð38Þ
Likewise, in order to verify Eq. (15), the tangential displacement
gradient, @u(r,0)/@r, within the slip zones has to be determined
(see Eq. (18)). Thus, for the slip zones, one may use the non-
dimensional form of Eq. (4) as:
@uðr;0Þ
@r
¼ ðjþ 1Þg
bP
4a^
1
p
Z 1
1
Lðk; rÞ~qðkÞdkMðrÞ
 
;
 1 < r < c1 and c2 < r < 1; ð39Þ
where
Lðk; rÞ ¼ 1
k rq2q1
 q1Nðq1kþ q2; rÞ: ð40ÞNow, applying the method presented in Section 3.1, the govern-
ing equations associated with rolling contact problem of graded
coating are discretized here. Since the surface normal traction,
~pðsÞ, and tangential traction perturbation, ~qðkÞ, are bounded at
both ends, i.e. s = ±1 and k = ±1 respectively, these two functions
may be expressed as:
~pðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p
FðsÞ; 1 6 s 6 1; ð41Þ
~qðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2
p
GðkÞ; 1 6 k 6 1; ð42Þ
FðsÞ ¼
Xn1
j¼0
AjUjðsÞ; 1 6 s 6 1; ð43Þ
GðkÞ ¼
Xm1
j¼0
BjUjðkÞ; 1 6 k 6 1; ð44Þ
where Aj, Bj are the unknown constants of the Chebyshev expan-
sions and Uj() is the Chebyshev polynomial of the second kind.
Inserting Eqs. (41) and (42) into Eqs. (32)–(35) yields:
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k¼1
1 s2k

 
FðskÞ
ðnþ 1Þ
1
ðsk  riÞ 
~k31ðsk; riÞ
 
¼  4a^
2
jþ 1ð ÞbP ri  eð Þ; i ¼ 1; . . . ; nþ 1; ð45Þ
Xm
l¼1
1 k2l

 
GðklÞ
mþ 1ð Þ
1
kl  zj  q1Nðq1kl þ q2;q1zj þ q2Þ
 
¼ 4a^
jþ 1ð ÞbP fgþMðq1zj þ q2Þ; j ¼ 1; . . . ;mþ 1; ð46Þ
Xn
k¼1
1 s2k

 
FðskÞ
nþ 1 ¼
1
p
; ð47Þ
pq1
Xm
l¼1
1 k2l

 
GðklÞ
mþ 1  1 ¼ Q
; ð48Þ
where
sk ¼ cosðkp=ðnþ 1ÞÞ ðk ¼ 1; . . . ;nÞ;
ri ¼ cosðpð2i 1Þ=2ðnþ 1ÞÞ ði ¼ 1; . . . ;nþ 1Þ;
ð49ÞFig. 3. Flow chart of the numerical algorithm and the iterative process (w indicates the
based on the sensitivity analysis).kl ¼ cosðlp=ðmþ 1ÞÞ ðl ¼ 1; . . . ;mÞ;
zj ¼ cosðpð2j 1Þ=2ðmþ 1ÞÞ ðj ¼ 1; . . . ;mþ 1Þ:
ð50Þ
After solving system of algebraic equations (45) and (46), the un-
known constants Aj and Bj can be found as:
Aj ¼ 2nþ 1
Xn
k¼1
1 s2k

 
UjðskÞFðskÞ; ðj ¼ 1;2; . . . ;n 1Þ; ð51Þ
Bj ¼ 2mþ 1
Xm
l¼1
1 k2l

 
UjðklÞGðklÞ; ðj ¼ 1;2; . . . ;m 1Þ; ð52Þ
where sk and kl are given by Eqs. (49) and (50), respectively.
Likewise, Eq. (39) can be rewritten as:
@uðr;0Þ
@r
¼ jþ 1ð Þg
bP
4a^
Xm
l¼1
1 k2l

 
GðklÞLðkl; rÞ
ðmþ 1Þ MðrÞ
 !
;
 1 6 r 6 c1 or c2 6 r 6 1; ð53Þ
where kl is given by Eq. (50).
Here, it is appropriate to remark that the discretized form of the
governing equations of the rolling contact problem, Eqs. (45)–(48),
has m + n + 5 unknowns including: F(sk), (k = 1,2, . . . ,n); G(kl)
(l = 1,2, . . . ,m); the contact length a; the eccentricity e (expected toindex of the iteration process, the value of Dc1 and Dc2 may be positive or negative
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boundaries b1, b2 and the creep ratio f. On the other hand, available
equations consist of: n + 1 equations from Eq. (45);m + 1 equations
from Eq. (46) and the equilibrium equations (47) and (48). Thus, we
have a total of m + n + 4 equations and m + n + 5 unknowns. The
remaining one unknown can be found through an iterative scheme
which is explained in the next subsection. Also it should be re-
minded that the rolling contact problem can be solved in two differ-
ent ways. In the ﬁrst method, on may ﬁx the value of the external
load P and the contact half length a can be found by solving Eqs.
(45) and (47). The second approach is ﬁxing the value of the contact
half lengtha, and solving Eqs. (45) and (47) toﬁnd the corresponding
value of P. The later approach is used in this paper.
3.3. The numerical algorithm and the convergence criteria
The auxiliary conditions given in Eqs. (13) and (15) are neces-
sary for achieving a fully consistent solution. These equations have
general forms which are suitable for variational approach. The roll-
ing contact problem can be converted to an optimization problem-0.006 -0.003 0.000 0.003 0.006
-0.020
-0.015
-0.010
-0.005
0.000
-0.010 -0.005 0.000 0.005 0.010
-0.010
-0.005
0.000
0.005
Γ=7
Γ=1
Γ=1/7
Γ=7
Γ=1
Γ=1/7
0.00 0.01 0.02 0.03 0.04 0.05
0.000
0.002
0.004
0.006
Γ=7
Γ=1
Γ=1/7
0
( ,0)
xx
xσ
μ
σ
0
( ,0)yy xσ
μ
/x R
/x R
0
P
Rμ
( ) /b a R+
0η =
0η =
0η =
(a)
(c)
(e)
Fig. 4. Distribution of the surface normal and in-plane stresses for the frictional contact
and the symbols present the proposed solution (m = 0.3, a/h = 0.5, R/h = 100).by constructing a variational formulation (see Kalker, 1971a). In
the variational approach, stick/slip composition of the contact zone
is unknown beforehand. In this case, Eqs. (13) and (15) are used as
the constraints of the optimization problem.
On the other hand, the stick/slip composition controlling the
contact zone is predeﬁned in the integral equation approach estab-
lished by Nowell and Hills (1988) which is also used in this study.
Therefore, it is assumed that a central stick zone is accompanied
with two slip zones of the same sign. Since the slip to stick (at
x = b1) and stick to slip (at x = b2) transition points are unknown
a priori, they should be determined according to an alternative ap-
proach proposed in this study for satisfying the auxiliary condi-
tions, Eqs. (13) and (15), which renders the transition points b1
and b2.
In their paper, Nowell and Hills (1988) explained that the con-
tinuity condition of the surface strain, exx, as the particles pass into
the stick zone leads to the smooth change in shear traction at the
transition point from slip to stick region (i.e. x = b1). Also Dundurs
and Comninou (1979) reported the boundedness and continuity of
the surface tractions r(x) and s(x) at the transition point from slip-0.006 -0.003 0.000 0.003 0.006
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problem of a cylindrical punch; the solid curves present Guler and Erdogan (2007)
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must hold:
dqðxÞ
dx

x¼b1
¼ constant: ð54Þ
Note that at the end of the stick zone, x ¼ bþ1 and x ¼ b1 , the pertur-
bation on the surface tangential traction, q⁄(x) is zero. Inserting q(x)
from Eq. (16) into (54) one may arrive:
d
dx
ðgpðxÞ þ qðxÞÞ

x¼bþ1
¼ d
dx
ðgpðxÞÞ

x¼b1
: ð55Þ
Since the function p(x) is continuous at x = b1, it is clear to see that:
dqðxÞ
dx

x¼bþ1
¼ 0: ð56Þ
Using Eq. (31c), Eq. (56) can be written in the non-dimensional form
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Fig. 5. Variation of the surface tangential traction, the stick zone boundaries and the cree
and Hills (1988) and the symbols present proposed solution ðm ¼ 0:3; f ¼ fR=ag
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ð
qd~qðzÞ
dz

z¼1þ
¼ 0: ð57Þ
Substituting Eq. (42) into Eq. (57), we have:
d~qðzÞ
dz

z¼1þ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2
p dGðzÞ
dz

z¼1þ
 zGðzÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2
p

z¼1þ
: ð58Þ
Using Eqs. (57) and (58):
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2
p dGðzÞ
dz

z¼1þ
 zGðzÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2
p

z¼1þ
¼ 0: ð59Þ
It can be observed that as z tends to 1, the ﬁrst term on the left
hand side of Eq. (59) goes identically to zero since the function a,
expressed in terms of Chebyshev polynomial of the second kind
(see Eq. (44)), has a ﬁnite derivative at z = 1. Hence, the second
term on the left hand side of Eq. (59) has a ﬁnite value only if
G(1) = 0. It should be noted that enforcing G(1) = 0 is the neces-
sary condition for correctness of Eq. (59) but not the sufﬁcient one.
The sufﬁcient condition is satisﬁed if dGðzÞdz

z¼1þ
takes a ﬁnite value.0 0.5 1.0
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the sufﬁcient conditions are satisﬁed.
It should be noted that the condition G(1) = 0, is usually re-
ferred in solving contact problems such as partial slip and fretting
contact considered in the literature (see for example Keer and
Farris, 1987; Ke and Wang, 2007a,b, 2010).
In the slip zones (a < x < b1 or b2 < x < a), the surface tangential
traction, q(x), is proportional to the surface normal traction, p(x),
which is a smooth function in a rolling contact problem. Therefore
it does not change its sign within the slip zones. According to Eq.
(15), the surface tangential displacement gradient, @uðx;0Þ
@x , should
also not change its sign. Since the slope of surface tangential dis-
placement gradient vanishes at x = b1, i.e.
@2uðx;0Þ
@x2

x¼b1
¼ 0, the auxil-
iary Eq. (15) is satisﬁed if the value of x = b1, or r = c1, is selected in
such a way that dqðxÞdx

x¼b1
¼ 0 or G(1) = 0. This phenomenon can be
observed in Fig. 2a and b. For the ﬁrst iteration, the initial guess for
c1 = b1/a does not satisfy the condition G(1) = 0 and hence the
slope of f @uðx;0Þ
@x
 	
is not zero at r = c1. Thus, the function
f @uðx;0Þ
@x
 	
changes its sign within the leading edge slip zone-0.0050 -0.0025 0.0000 0.0025 0.0050
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Fig. 6. Effect of the stiffness ratio on the surface tangential, normal and in-plane stresseswhich violates the auxiliary condition (15). In contrary for the last
iteration, the slope of f @uðx;0Þ
@x
 	
is zero at r = c1 because it satisﬁes
G(1) = 0 and hence the sign of f @uðx;0Þ
@x
 	
is fully positive within
the slip zones which is in accordance with Eq. (15) since q(x) is all
negative in the slip zones.
Besides, for the given values of the coefﬁcient of friction, g, and
Poisson’s ratio, m, if one sets one of the three parameters (b1, b2,
Q⁄ = Q/gP), then the values of two remaining parameters will be re-
stricted. In other words, there is a unique value for the three
parameters (b1, b2, Q⁄) for a selected value of b/g otherwise the
solution would be not consistent with Eq. (13) and/or (15). Hence,
it is convenient to ﬁx the value of Q⁄ at some desired value (for
example at 1 6 Q 0 6 0Þ and try to ﬁnd a pair of (b1,b2) which
gives the calculated value of Q⁄ being equal to Q 0.
Now, it is concluded that the convergence criteria in this study
are:
Gð1Þ ¼ 0; ð60Þ
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as well as stick zone boundaries (m = 0.3, b/g = 1, a/h = 0.5, R/h = 100, Q/gP = 0.75).
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Gð1Þ ’
Xm
l¼1
ð1 klÞUm1ðklÞGðklÞ; ð62Þ
Q  ¼ pq1
Xm
l¼1
1 k2l

 
GðklÞ
mþ 1  1; ð63Þ
and Q 0 is a selected constant in the range 1 6 Q 0 6 0.
Finally, it should be noted that Eq. (13) contributes indirectly in
verifying the correctness of the solution. In other words, ﬁrst a
solution should be found such that it satisﬁes the (60) and (61)
then the value of jq(x0)jMax, b1 < x0 < b2 is found within the stick
zone. Now, if jq(x0)jMaxP gjp(x0)j then the solution is not consis-
tent for the selected value of Q 0 in the assumed regime.
Before starting the numerical process, it is recommended to car-
ry out a sensitivity analysis about the behavior of Eqs. (60) and (61)
for small variations of b1 and b2. The sensitivity analysis shows that
increasing the value of b1/afor a constant value of b2/a, leads to an
increase in the value of G(1) while increasing the value of b2/a for
a constant value of b1/a, reduces the absolute value of Q⁄ (see
Tables 1 and 2). Thus, it is appropriate to update the value of b1
based on the variation of G(1) and revise the value of b2 regarding
the changes of Q⁄. Based on the sensitivity analysis, a subroutine is
written in MATHEMATICA to update the values of (b1,b2) using a
linear interpolation as the iteration proceeds which signiﬁcantly
reduces the program running time. A sample result for the iteration
process is given in Table 3. Also, Fig. 2c–f shows the variation of
stick zone boundaries c1, c2and the convergence criteria G(1)
and Q   Q 0

 
for the stiffness ratios, C = 1/7, 1, 7. Note that itera-
tions continue until the convergence criteria are satisﬁed.
Using MATHEMATICA program as a manipulator, the unknown
quantities can be found by a numerical procedure outlined below
(see Fig. 3 for the iterative scheme):-0.0050 -0.0025 0.0000 0.0025 0.0050
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Fig. 7. Effect of the stiffness ratio on the surface tangential displacement grad1. Solve the system of algebraic equation (45) along with Eq. (47)
for FðskÞ ðk ¼ 1;2; . . . ;nÞ; bP and e (which is expected to be zero
in uncoupled problem).
2. Select a speciﬁc value for the ratio of the external loads,
Q  ¼ Q 0, make an initial guess for the normalized stick zone
boundaries, i.e. c1, c2, and construct an interpolation function
for F(r) using Eqs. (43) and (51).
3. Insert the values of F(r) and bP into the system of Eq. (46) and
ﬁnd the values of G(kl), (l = 1,2, . . . ,m) as well as the value f.
4. Verify the convergence criteria given by Eqs. (60) and (61). If
there is no violation then go to the next step otherwise update
the value of c1 and c2 using the presented sensitivity analysis
and start a new iteration from step 3.
5. Check Eq. (13), if satisﬁed then go to the next step otherwise
exit and print ‘‘there is no consistent solution with the assumed
stick/slip regime for the selected value of Q  ¼ Q=gP ¼ Q 0’’.
6. Once a fully consistent solution is achieved, record the results
and compute the surface normal traction, ~pðsÞ, and the tangential
tractionperturbation, ~qðkÞ, usingEqs. (41) and (42), respectively.
Finally, the surface stress components, ryy(x,0), rxy(x,0) as well
as the in-plane stress component rxx(x,0) are computed using the
following relations:
ryyðx;0Þ
l0
¼ 
bP
a^
~pðrÞ; ð64Þ
rxyðx;0Þ
l0
¼ g
bP
a^
~qðrÞ; ð65Þ
rxxðx;0Þ
l0
¼
8
jþ1fð1þ2bÞ
bP
a^
~pðrÞ; c16 r6 c2;bP
a^ ð~pðrÞþHðrÞÞ; 1< r< c1 or c2< r<1;bP
a^HðrÞ; 1< r61 or 16 r<1;
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HðrÞ ¼ 2g
p
Z 1
1
1
s r 
~k41ðs; rÞ  1g
~k42ðs; rÞ
 
~pðsÞds
þ 2g
p
Z 1
1
Lðk; rÞ~qðkÞdk: ð67Þ
Note that ~pðrÞ and ~qðrÞ are computed from Eqs. (41), (16) and (42).
4. Numerical results and discussion
An extensive parametric study has been carried out to examine
the inﬂuence of several parameters on the mechanics of rolling
contact for the graded coatings on a homogeneous substrate. Since
there are several parameters affecting the stress distribution, only
some fundamental descriptive results are presented below.
4.1. Veriﬁcation of the results
There are two solutions in the literature that the results of the
present study can be veriﬁed with. The ﬁrst one is the full sliding
contact problemof the graded coatings solved byGuler and Erdogan-0.006 -0.003 0.000 0.003 0.006
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Fig. 8. Effect of the stiffness ratio on stick/slip zone maps and the creep ratio parameter
the slip zones ðm ¼ 0:3; a=h ¼ 0:5; R=h ¼ 100; f ¼ fR=ag
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðb=gÞ2
q
Þ.(2007) and the second one is the tractive rolling of dissimilar elastic
homogeneous cylinder considered by Nowell and Hills (1988). First,
the frictionless as well as frictional sliding contact problem of a
cylindrical punch on an FGM coating was considered. As shown in
Fig. 4a–f, the results of the present study are in complete agreement
with Guler and Erdogan’s (2007) results. Next, the tractive rolling
contact problem of a homogenous substrate was considered by let-
ting the stiffness ratio as unity, i.e.C = 1. The distribution of the sur-
face tangential traction, the stick zone boundaries and the creep
ratio parameter was calculated for this problem and the results are
shown in Fig. 5a–e for different values of b/g ratio. It can be seen that
the results are in good agreementwithNowell andHills (1988).Note
that, as the value of b/g increases, the stick zone shifts towards the
leading edge of the contact zone.4.2. Effect of material property grading on the surface stress
distribution
Fig. 6a–f illustrates the effect of stiffness ratio (C) on various
quantities such as the surface contact tractions, rxyðx;0Þ;
ryyðx;0Þ, and the in-plane stress component, rxxðx;0Þ. For a stiffen--1.5 -1.0 -0.5 0.0 0.5
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tion, rxyðx;0Þ, is greater than the softening ðC < 1Þ one (Fig. 6a).
Moreover, the effect of the stick zone perturbation, qðxÞ, on the
sliding solution increases as the stiffness ratio decreases. That
means, the rolling contact mechanics has a more pronounced effect
on the stiffening coating in the stick zone. In addition, the surface
in-plane stress, rxxðx;0Þ, usually has a peak at the trailing edge of
the contact as shown in Fig. 6c. This is important in the fatigue life
of the components experiencing the rolling contact. These tensile
peaks can lead to crack initiation and ultimately failure of the com-
ponents. The tensile peaks become smaller as the coating gets soft-
er. Note that, the in-plane stress component is all compressive for
the softening coating (see for exampleC ¼ 1=7 in Fig. 6c). The effect
of stiffness ratio,C, on the stick zone boundaries, c1, c2, can be seen
in Fig. 6e,f. The stick zone contracts and shift to the trailing edge of
the contact zone as the coating softens in the thickness direction.4.3. Effect of b/g on the behavior of tangential displacement gradient
A general trend of the tangential displacement gradient,
@uðx;0Þ=@x, can be seen in Fig. 7a. Since the relative tangential slip-0.0050 -0.0025 0.0000 0.0025 0.0050
-0.009
-0.006
-0.003
0.000
G=7 vs Col 63 
G=7 vs Col 65 
G=7 vs Col 67 
-0.0050 -0.0025 0.0000 0.0025 0.0050
-0.004
-0.003
-0.002
-0.001
0.000
G=1 vs Col 69 
G=1 vs Col 71 
G=1 vs Col 73 
-0.0050 -0.0025 0.0000 0.0025 0.0050
-0.0015
-0.0010
-0.0005
0.0000
η = 0.1
η = 0.3
η = 0.5
η = 0.1
η = 0.3
η = 0.5
η = 0.1
η = 0.3
η = 0.5
0
( ,0)
xy xσ
μ
0
( ,0)
xy xσ
μ
0
( ,0)
xy xσ
μ
7Γ =
1Γ =
1/ 7Γ =
σ
σ
σ
/x R
/x R
/x R
(a)
(c)
(e)
Fig. 9. Effect of the coefﬁcient of friction on the surface tangential and in-plane stressvelocity, vs, is zero in the stick zone, @uðx;0Þ=@x becomes equal to
the creep ratio (see Eq. (11)). It can be observed that @uðx;0Þ=@x
is constant in Fig. 7b–d within the stick zone. In the iteration pro-
cedure, this quantity is subtracted from the creep ratio, f, and the
resultant must have the opposite sign with the tangential traction,
q(x), inside the slip zones (see Eq. (15)). Variation of the tangential
displacement gradient is given in Fig. 7b–d for various values of b/
g. It can be seen that the displacement gradient increases as the
stiffness ratio increases. This behavior arises due to fact that the
particles are more constraint to move laterally for a stiffening coat-
ing and the opposite is true for the softening coating. Likewise, as
the value of b/g increases then the tangential displacement gradi-
ent decreases because increasing the coefﬁcient of friction restricts
relative slip velocity of the particles within the slip zones.4.4. Stick/slip zone maps for the graded coatings
Variations of the stick zone boundaries in the contact patch and
the creep ratio parameter, f⁄, versus Q/gP are depicted in Fig. 8a–f.
Generally speaking, the stick zone expands over the contact area as
the stiffness ratio, C, increases. Moreover, the leading edge slip-0.010 -0.005 0.000 0.005 0.010
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Fig. 10. Variation of the stick zone boundaries versus coefﬁcient of friction (m = 0.3, a/h = 0.5, R/h = 100).
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jQ/gPj decreases the stick zone gets bigger since a small value of
shear traction should be transmitted through the slip zones. This
can be observed from Eq. (35) that when the vertical external load,
P, acting on the cylinder is ﬁxed and the tangential external load, Q,
made smaller, the value of the integral on the left hand side of Eq.
(35) must get bigger. This explains the expansion of the stick zone
and contraction of slip zones for lower values of jQ/gPj. The creep
ratio parameter is given for various values of the stiffness ratio
(Fig. 8b, d, f). As shown, the creep ratio for the softening coating
is less than that of the homogeneous material while it is opposite
for the stiffening one. This creepage generates tangential creep
forces which play a fundamental role in the dynamics, steering
and stability behavior of the railroad vehicles (Shabana et al.,
2008). On the other hand, for a graded material the creep ratio sig-
niﬁcantly differs from a homogeneous material, thus, appropriate
values of the creep ratio may be achieved by adjusting the stiffness
ratio in the graded coating. In addition, the effect of stiffness ratio
on the creep ratio reduces as the value of b/g increases.
4.5. Effect of the coefﬁcient of friction on the contact stress
distributions and the stick zone boundaries
Fig. 9a–f examines the effect of coefﬁcient of friction (g) on the
surface tangential traction as well as the in-plane stress keeping
m ¼ 0:3; a=h ¼ 0:5; R=h ¼ 100; Q=gP ¼ 0:75. It is apparent that
the tangential traction is directly proportional to the coefﬁcient of
friction. The stick zone perturbation function, q⁄(x), increases as
the coefﬁcient of friction increases because of the intensiﬁed fric-
tional forces within the stick zone. Fig. 9b, d, e demonstrates the
variation of the surface in-plane stresses for different values of
the coefﬁcient of friction g. It can be seen that as the value of g in-
creases, the in-plane stress, rxxðx; 0Þ, becomes more compressive
within the leading edge slip zone and increases within the trailing
edge slip zone. Furthermore, the in-plane stress is tensile at the
trailing edge slip zone and is elevated sharply at the trailing edgepoint of the contact zone, x = a. When the value of the coefﬁcient
of friction increases, the value of the tensile peak observed at the
trailing edge of the contact increases. A remarkable point is that
the tensile peak can be alleviated by reducing the stiffness ratio.
Thus, allowable limits of the in-plane stresses are attained by
adjusting the stiffness ratio and the coefﬁcient of friction. Variation
of the stick zone boundaries versus coefﬁcient of friction is given by
Fig. 10a–d. Generally, the stick zone moves towards the leading
edge of contact as the values of g increases. As stated earlier, for
the large values of g the leading edge slip zone vanishes. On the
other hand, since the net integral of the surface tangential traction
(Eq. (22)) must be equal to Q/gP then the trailing edge slip zone will
expand over the contact area to compensate this difference. Hence
the value of b2/R decreases as the coefﬁcient of friction increases.
4.6. Effect of the thickness of the coating on the contact stress
distributions and the stick zone boundaries
The effect of the coating thickness, h, on the rolling contact
stresses was investigated through Fig. 11a-f keeping m ¼ 0:3;
b=g ¼ 1; a=R ¼ 0:005; Q=gP ¼ 0:75. It can be seen that as the
value of a/h increases, the surface tangential tractions decrease
for the softening coating, C ¼ 1=7, while increases for the stiffening
one, C ¼ 7, at a constant value of Q/gP. The surface in-plane stres-
ses become more compressive for the stiffening coating as the va-
lue of a/h increases. However, the surface in-plane stress at the
trailing edge remains tensile. On the other hand, for a softening
coating the surface in-plane stress at the contact trailing edge in-
creases as the value of a/h increases. In fact, for small values of
the coating thickness (i.e. large values of a/h), one cannot get the
full beneﬁt of using the graded coating on the stress ﬁeld. Variation
of the stick zone boundaries are shown in Fig. 11e,f. When the
coating thickness is too large (i.e. small values of a/h) then the
stress ﬁeld does not sense the effect of material inhomogeneity;
hence the stick zone boundaries approach to the corresponding
values for the homogenous materials.
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As stated earlier, a central stick zone with two slip zones of the
same sign is considered for modeling the rolling contact problem.
On the other hand, the mentioned regime is admissible for a spe--3 -2 -1 0
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Fig. 12. Effect of the stiffness ratio on the interface response regime map (m = 0.3, a/
h = 0.5, R/h = 100).ciﬁc range of Q/gP as well as material dissimilarity parameter b/g
and the coating thickness. The interface response of the rolling
contact problem is given by Figs. 12 and 13. It can be seen that
the admissible range of Q/gP increases with an increase in the stiff-
ness ratio (Fig. 12). Also, the admissible area reduces by decreasing0.0 0.5 1.0 1.5 2.0 2.5
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Fig. 13. Effect of the thickness of the coating on the interface response regime map
(m = 0.3, b/g = 2.88, a/R = 0.005).
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stiffening coating as the coating thickness reduced. However, it is
opposite for the softening coating (see Fig. 13). For the small values
of a/h, the admissible value of Q/gP approaches to the value that a
homogeneous material would have since the effect of the material
inhomogeneity diminishes.5. Concluding remarks
The rolling contact problem of an exponentially graded coat-
ing was analyzed in this paper. Singular integral equation ap-
proach was employed for constructing the mathematical model
of the rolling problem. The coupling effect of tangential traction
was eliminated by adapting the Goodman approximation. Then,
the associated governing equations were discretized by applying
the Gauss–Chebyshev integration method leading to a system of
algebraic equations. Finally, the resultant system of algebraic
equations is solved using an iterative procedure. The parametric
study was done to investigate the effect of stiffness and the coef-
ﬁcient of friction on the surface contact stresses as well as the
creep ratio parameter. According to the results, the following re-
marks can be inferred:
 The stick zonedisturbanceon the full sliding solution increases as
the stiffness ratio decreases.Moreover, the softening coatingwill
give rise to a fully compressive surface in-plane stress, rxxðx;0Þ,
which plays an important role in rolling contact fatigue analysis.
 For a stiffening coating the surface particles are more constraint
to move laterally and hence the leading edge slip zone dimin-
ishes as the value of stiffness ratio increases. Furthermore, the
stick zone dominates the contact patch as the value of b/g
increases.
 The creep ratio parameter, f⁄, for the softening coating is less
than the homogenous material. The opposite is observed for
the stiffening coating. On the other hand, the creep ratio
directly affects the creep forces, thus, the dynamic stability
response of the railroad vehicles can be modiﬁed through
adjusting the elastic gradient of the graded coating.
 Increasing the coefﬁcient of friction signiﬁcantly alters the
tangential traction within the stick zone and subsequent
behavior of the in-plane stress at the contact trailing edge.
Moreover, reducing the stiffness ratio can relieve the tensile
peak of in-plane stress observed at trailing edge of the contact
(see Fig. 9)
 Generally, for each value of stiffness ratio there is a speciﬁc value
for the thickness of the coating such that the stress state remains
at an allowable level. Reducing the coating thickness has a
destructive effect on the softening coatings in contrary to the
stiffening ones.
 There are three parameters, namely C, b/g and a/h, which have
an inﬂuence on the admissible range of Q/gP for achieving a
fully consistent solution. The admissible range of Q/gP reduces
as the value of b/g decreases. Additionally, the admissible value
of Q/gP increases as the value of C increases. Finally, decreasing
the coating thickness increases the admissible value of Q/gP for
the stiffening coating and reduces for the softening one.Acknowledgement
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Appendix A. The Fredholm kernels (Guler, 2001)
kj1ðt; xÞ ¼  4jþ 1
Z 1
0
Uj1ðaÞ sinaðt  xÞda; j ¼ 3;4; ðA:1Þ
kj2ðt; xÞ ¼  4jþ 1
Z 1
0
Uj2ðaÞ cosaðt  xÞda; j ¼ 3;4; ðA:2Þ
where the functions Ujk(a), k = 1, 2; j = 3, 4 are deﬁned as:
U31ðaÞ ¼ aðj 1ÞD5 ðy3
r8 þ y3r8Þ  jþ 14 ; ðA:3Þ
U32ðaÞ ¼  iaD5 ðy3
r6 þ y3r6Þ  j 14 ; ðA:4Þ
U41ðaÞ ¼  aD5 ðy4
r6 þ y4r6Þ  jþ 14 ; ðA:5Þ
U42ðaÞ ¼  iaðj 1ÞD5 ðy4
r8  y4r8Þ  j 14 ; ðA:6Þ
where the bar sign denotes complex conjugate and i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. More-
over, y3, y4 and D5 are given as:
y3ða; yÞ ¼ en5y þ r5ehðn5n6Þþn6y þ r7ehðn5n6Þþn6y; ðA:7Þ
y4ða; yÞ ¼ a5en5y þ a6r5ehðn5n6Þþn6y  a6r7ehðn5n6Þþn6y; ðA:8Þ
D5 ¼ ðr6r8 þ r6r8Þ; ðA:9Þ
where y denotes spatial variable and h is the coating thickness. Also,
rk, k = 5, . . . ,8 are deﬁne as:
r6 ¼ z55 þ z56r5ehðn5n6Þ þ z56r7ehðn5n6Þ; ðA:10Þ
r8 ¼ z65 þ z66r5ehðn5n6Þ þ z66r7ehðn5n6Þ; ðA:11Þ
r5 ¼ 1D4 ðs5
t6 þ s6t5Þ; ðA:12Þ
r7 ¼ 1D4 ðs5t6  s6t5Þ; ðA:13Þ
D4 ¼ ðs6t6 þ s6t6Þ: ðA:14Þ
Likewise, the following parameters are deﬁned:
z5j ¼ ð3 jÞiaaj þ ðjþ 1Þnj; j ¼ 5;6; ðA:15Þ
z6j ¼ ajnj þ ia; j ¼ 5;6; ðA:16Þ
sj ¼ ðjþ 1Þðiaaj þ njj ðj 1ÞjajÞ; j ¼ 5;6; ðA:17Þ
tj ¼ ajðjnj  ðjþ 1ÞjajÞ þ ia; j ¼ 5;6; ðA:18Þ
ajðaÞ ¼ 
ðjþ 1Þ n2j þ cnj
 	
 ðj 1Þa2
iað2nj þ cð3 jÞÞ ; j ¼ 5;6; ðA:19Þ
n5 ¼ 12 cþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 þ 4 a2 þ i aj j cj jdð Þ
q 
; ðA:20Þ
n6 ¼ 12 c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2 þ 4ða2 þ ijajjcjdÞ
q 
; ðA:21Þ
d2 ¼ ð3 jÞ=ðjþ 1Þ; ðA:22Þ
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
.
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